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1 INTRODUCTION
Objectives
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• Binary Classification task
– Non linear effects
– Discretization

• Interpretability
• Convergence guarantees
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2 PROBLEM STATEMENT
Logistic Regression

P (Y = 1|X = x) = σ (ψ(x)) = 1
1 + exp (−ψ(x)),

with ψ(x) = β0 + β1x1 + · · · + βdxd.

ReLU NN
Let δReLU(x) be a ReLU Neural Network for binary classification with a
layer of p neurons:

δReLU(x) = σ ◦ ψReLU = σ

β0 +
p∑
i=1

βiϕ

 d∑
j=1

Wi,jxj + bi

 ,
with ϕ(·) = max(0, ·) the ReLU function and σ the sigmoid.
Black Box Model
• No interpretability

NNs make a partition of the input space [Balestriero, 2018] with
oblique regions : W ∈ Rp×d is a blender matrix.

• No guarantees on the convergence

Motivations
• ReLU NN can approximate MARS [Eckle, 2019] and GAM [Agar-

wal, 2021]
• NNs may asymptotically become linear with respect to their param-

eters as NN width p increases [Jacot, 2018]
p Gaussian initializations [Lee, 2017]
p Linear output layer [Liu, 2020]

3 SATURNN
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Modeling
The SATURNN is constructed as a ReLU NN with
constraints on the weight W :

δSATURNN(x) = σ ◦ ψ(x, θ),

ψ(x, θ) = 1
√
p

β0 +
p∑
k=1

βkϕ(skxυ(k) + bk)
 ,

• an input selector: υ(k) ∼ U [1, . . . , d]
• an indicator of the shape: sk = {−1, 1} ∼ B(1/2)

The SATURNN is a special case of GAMs:

ψ(x, θ) = 1
√
p

β0 +
d∑
i=1

fi(xi)
 ,

with fi(xi) =
∑

1≤k≤p:υ(k)=i
βkϕ (skxi + bk) .

Assumptions
Sample

{(x(i), y(i))}Ni=1, x
(i) ∈ Rd : ∥x(i)∥2 ≤ r

Initializations

θ(0) = [β(0)
0 , . . . , β(0)

p , b
(0)
1 , . . . b

(0)
p ]

β
(0)
k ∼ N (0, 1), b

(0)
k ∼ U [−r, r]

Learning

∥θ̂ − θ(0)∥2 ≤ R,

•R > 0
• θ̂ the estimated parameters

Kernel Approximation

Approximation of SATURNN with Kernel Logistic
Regression (KLR)

δKLR(x, α) = σ

 N∑
i=1

αiκ0
(
x(i),x

) ,
κ0(x, x̃) = 1

p

1 +
p∑
k=1

ϕ
(
skxυ(k) + b

(0)
k

)
ϕ
(
skx̃υ(k) + b

(0)
k

)
+β(0)

k

2
1
{skxυ(k) + b

(0)
k > 0}

1
{skx̃υ(k) + b

(0)
k > 0}

.
Approximation of SATURNN with Expected KLR (EKLR)

κ(x, x̃) = E(κ0(x, x̃)) = 1
p
+r

2

6 + 1
4rd

d∑
i=1

(2r(xix̃i+1)−|xi−x̃i|+
1
6|xi−x̃i|3).
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4 EXPERIMENTS
Data

Framingham dataset [Mahmood et al., 2014]
• 15 variables
• 1114 samples
• Prediction of a cardiovascular event (True / False)

Results

Methods AUC
Train

AUC
Test

Computation
Time

RF 0.76 (0.01) 0.70 (0.02) 0.1
MARS 0.75 (0.01) 0.71 (0.01) 0.1
GAM 0.8 (0.01) 0.69 (0.02) 0.65
EBM 0.77 (0.01) 0.72 (0.01) 7.8
NAM 0.78 (0.01) 0.70 (0.02) 694

RN ReLU 0.85 (0.02) 0.66 (0.03) 483
SATURNN 0.74 (0.02) 0.72 (0.02) 735

SATURNN∞ 0.84 (0.01) 0.69 (0.02) 591
KLR 0.74 (0.01) 0.73 (0.02) 0.32

EKLR 0.74 (0.01) 0.73 (0.02) 0.35
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